The numerical solution of the Milne problem for semi-infinite plane-parallel magnetized electron atmosphere is obtained. It is assumed that magnetic field is directed along the normal to the atmosphere. The angular dependence, the polarization degree and positional angle of outgoing radiation are presented in the tables for various values of the Faraday rotation parameter and the degree of absorption q=0, 0.2 and 0.4. We assume that magnetic field B ≤ 10 6 G when one can neglect the effects of circular dichroism and take into account only the Faraday rotation effect.
Introduction
When a magnetic field is present in hot electron atmospheres and circumstellar shells, in accretion disks near quasars, and the nuclei of active galaxies, radiation is subject to the Faraday rotation of its plane of polarization. The angle of rotation ψ is related to the parameters of the medium and the path length l over which the light travels by [1] :
where τ T = N e l σ T is the Thomson optical thickness of the optical path, σ T = (8π/3)r 2 e ∼ = 6.65 · 10 −25 cm 2 is the Thomson cross section, r e = e 2 /m e c 2 ∼ = 2.82 · 10 −13 cm is the classical radius of electron, N e is the electron number density, and Θ is the angle between the direction n of the beam of light and the magnetic field B. The plane of polarization undergoes a right handed rotation for Θ < 90
• and the opposite for Θ > 90
• if one views along the propagation direction of the light. The parameter δ is equal to the angle of rotation of the polarization plane on a path τ T = 2 along the magnetic field and is given by
Here, λ = 2πc/ω is the wavelength of the radiation, ω = 2πν is the angular frequency of the light, ω B = |e|B/m e c is the electron cyclotron frequency and ω B /ω ∼ = 0.93 · 10 −8 λ(µm)B(G).
In the general case of elliptically polarized light, the Faraday rotation describes the rotation of the polarization ellipse as the light passes through a magnetized medium.
For atmospheres with ω B /ω ≪ 1, right and left circularly polarized electromagnetic waves propagate in the medium independently at phase velocities corresponding to the refractive indices n r and n l . A linearly polarized wave can be represented as a sum of right and left polarized coherent waves and the difference in the phase velocities of these waves leads to a rotation of the polarization plane (ψ = 0.5(ω/c)l(n l − n r )). For ω B /ω ≪ 1 the scattering cross sections for all the waves equal to the Thomson cross section σ T . We shall examine only this case here. For optical wavelengths (λ ≈ 0.5µm), this means B ≤ 10 6 G. The Faraday rotation leads to depolarization of the radiation since photons arriving from different optical depths have exposed different rotations of their planes of polarization.
We are considering the so -called Milne problem, i.e., multiple scattering of light in a semi -infinite plane -parallel atmosphere where the sources of unpolarized radiation are located at very high optical depth from the surface of the atmosphere. Besides scattering of the light on electrons, we shall also consider the intrinsic absorption of the light, the degree of which we denote by q(q = σ a /(σ a + σ T ), where σ a is the intrinsic absorption cross section). The Milne problem corresponds to the conditions in stellar atmospheres, as well as the passage of light through optically thick circumstellar shells and accretion disks.
Ambartsumyan's invariance principle [2] is usually used in solving the Milne problem, that is, the angular distribution and polarization of emerging radiation are independent of the adding (or removal) of any layer to a semi -infinite atmosphere.
Here the intensity and polarization of the emerging radiation are expressed in terms of so -called H-functions, which satisfy a nonlinear integral equation in just angular variables. Chandrasekhar [3] proposed an extremely efficient method for solving this equation, the "fork" method, in which the successive approximations represent the H-function with excess and deficiency. For magnetized atmospheres the invariance principle has been used [1, 4, 5 ] to obtain systems of nonlinear equations for tensor H-functions. Unfortunately, there is no efficient method for solving these extremely cumbersome systems of equations. For the most interesting case of a conservative atmosphere (q = 0), the iteration procedure converges very poorly. Even in the simplest case of a magnetic field perpendicular to the surface, one must solve a system of six nonlinear equations.
For large values of the Faraday rotation parameter, δ ≫ 1, however, the Hfunction technique can be used to obtain simple asymptotic solutions of the Milne problem and of problems with power law and exponential distributions of the sources in magnetized atmospheres [5] . These solutions are suitable for arbitrary inclinations of the magnetic field to the outward normal N to the atmosphere. Numerical solutions of these problems have been obtained [7, 8] for the case of zero magnetic field.
For δ ≤ 1 and arbitrary inclination of magnetic field, all the methods of solution lead to extremely cumbersome formulas and calculations.
For a magnetic field B, directed along the normal N to the surface of the atmosphere the calculations are much simpler, since the problem has axial symmetry. In [9] the Milne problem for B N has been solved by Monte Carlo method and in [10] by Feautrier method. However, the results of these calculations, which were given in the form of graphs, are sometimes rather different. In this paper the Milne problem for B N is solved by the classical Chandrasekhar method [3] using gaussian quadrature formulas to reduce the integro -differential transport equation to a system of linear differential equations. By increasing the order of the gaussian quadrature and comparing the results, one can estimate the accuracy of the solutions that are obtained. We have attained accuracies to the first four significant figures. This is the most accurate solution of the Milne problem to date. In some cases our results differ by 10-15% from the less accurate results of [10] . It is extremely important that the results obtained here can be used to estimate the accuracy of the simple asymptotic formulas in [6] .
Solution of the Milne problem
We shall consider the Milne problem for the case when the magnetic field B is directed along the outward normal N to the semi -infinite atmosphere. In the absence of a magnetic field the problem reduces (see, [3] ) to a system of coupled equations for the intensity I(τ, µ) and the Stokes polarization parameter Q(τ, µ) (either for the intensities of the radiation polarized in the (nN) -plane or in the perpendicular plane, I x (τ, µ) and I y (τ, µ), respectively: I = I x + I y , Q = I x − I y ). Here, µ = cos ϑ is the cosine of the angle between the propagation direction n of the light and the normal N, τ is the optical thickness, including absorption, taken from the surface into the interior of the medium. As usual, we have chosen the x axis of the observer's system lying in the (nN) plane where n is the direction to the telescope. Remind that the classical Chandrasekhar solution for the emerging radiation (τ = 0) gives an elongation of the angular distribution of J(µ = 1) ≡ I(µ = 1)/I(µ = 0) = 3.06 and a peak value of the degree of polarization for µ = 0 of 11.71%, while the oscillations of the electric field vector of the radiation for all µ are perpendicular to (nN)-plane, i.e. Q(µ) < 0.
The presence of a magnetic field leads to the appearance of the Stokes parameter U(τ, µ) = I x ′ − I y ′ , where x ′ and y ′ are the coordinate axes turned in the positive (right hand) direction by 45
• from the basic x and y axes. The parameter U means that the plane of polarization is no longer perpendicular to the plane (nN). Remind that the angle of inclination χ of this plane with respect to the perpendicular to the plane (nN) is given by tan(2χ) = U/Q. The azimuthal symmetry of this case, B N, means that U does not contribute to the scattering on electrons, that is, the integral term in the transport equation coincides with the case B = 0. In this situation U is completely determined by the Faraday rotation process on leaving the atmosphere. This means that the angle χ is taken in the right hand sense from the plane of the oscillations without a magnetic field relative to the line of sight at the telescope with a magnetic field directed outward from the medium. For a magnetic field directed towards the interior of the atmosphere, χ is taken in the opposite direction.
The system of equations for I(τ, µ), Q(τ, µ) and U(τ, µ) according to the general formulas of [1, 4] is
Here q is the degree of true absorption of the light, τ is total optical thickness including absorption, and for B N, cos Θ = µ. The boundary conditions for the system (3)- (5) are the usual ones: I(0, −µ) = 0, Q(0, −µ) = 0 and U(0, −µ) = 0, that is, there is no radiation incident from outside. In addition, it is assumed that none of the Stokes parameters have exponentially increasing terms for τ → ∞. Following Chandrasekhar's method [3] , we use gaussian quadratures to replace the integral terms with sums where the parameters are taken at discrete points µ i :
The points µ i are the roots of the Legendre polynomial P 2n (µ). The number n determines the order of the gaussian quadrature formula. The system of integro -differential equations (3)- (5) is thereby converted into a system of ordinary differential equations:
Here, µ i are the roots of the Legendre polynomial (P 2n (µ i ) = 0),µ −i = −µ i , and a i are the known weights of the gaussian quadrature formula, with a −i = a i . We seek a solution of the system (6)-(8) of the form
Substituting (9) in (6)- (8) yields the formulas
A homogeneous system of algebraic equations is derived from (6) and (7) for finding the numbers α and β. The condition for this system to be soluble, namely that the determinant equal to zero, yields the characteristic equation for finding the eigenvalues k. We can only determine the ratio α/β from the homogeneous second order system, so that one of α or β remains unknown. This number is found using the condition that the radiation flux leaving the atmosphere F is given.
As a result, we have obtained the angular distribution
the degree of polarization
and the angle of inclination χ(µ) of the electric field oscillations of the radiation relative to a plane perpendicular to the plane (nN),
These quantities are listed in Tables 1-6 for a various values of parameters δ and q.
Conclusion
We now analyze these results briefly and offer a qualitative explanation of them. First of all, it is evident that the polarization of the radiation p(µ) becomes ever more peaked as δ increases, with a maximum at µ = 0, i.e., in a direction perpendicular to the magnetic field. This is a manifestation of the depolarization of the radiation owing to Faraday's rotation, since the radiation emerging from the medium consists of the fluxes of light undergoing different amounts of the Faraday rotation of their planes of polarization. At the same time, as δ increases, there is an increase in the angle χ by which the polarization plane of the emerging radiation turns relative to the plane of polarization in the absence of a magnetic field, i.e., relative perpendicular to the (nN) plane. In the limit δ → ∞, the angle χ → 45
• . This behaviour of the turning angle χ can be explained qualitatively as follows: the emerging radiation mainly passes from the outer layer of the atmosphere with τ /µ ≈ 1. According to (5), the Stokes parameter U(µ) acquires the value -∼ Q(µ)(1 − q)δµτ /µ, which leads to a ratio U(µ)/Q(µ) ∼ (1 − q)δµ. Thus, the turning angle χ is given by
For (1 − q)δµ ≫ 1 the positional angle χ actually tends to the limit 45
• . The Faraday rotation is determined solely by the presence of free electrons along the path of radiation, i.e., by the Thomson optical thickness τ T = (1 − q)τ . For q → 1, the outer layer of the atmosphere with τ ≈ 1 contains too few electrons (τ T → 0) for the Faraday rotation to influence the distribution of the polarization plane of emerging radiation. In this case, we can neglect the parameter U(τ, µ) and the system (3)-(5) transforms into the ordinary equations of radiative transfer without magnetic field. These qualitative arguments and estimates are general in nature and not associated with the specifics of the Milne problem. Thus, for arbitrary strongly absorbing atmospheres (q → 1) the Faraday rotation is unimportant. The Milne problem is not interesting for highly absorbing atmospheres, since the distribution of thermal radiation sources, which is proportional to the distribution of absorbing particles, plays a dominant role. It is known that radiation emerging from highly absorbing layers is essentially unpolarized.
Polarization causes little change in the distribution of the emerging radiation, even in the absence of a magnetic field. Thus, the Milne problem with polarization taken into account (3) and (4) yields an elongation J(0) = 3.06, while solving (3) with the Q(τ, µ) term omitted (the equation just for the intensity with the Rayleigh phase function) gives J(0) = 3.02. That is, the angular distributions are essentially the same (see, Table 6 ).
The Faraday rotation causes depolarization of the radiation for all the directions except perpendicular to the magnetic field. Thus, with the increasing δ the contribution of the polarization terms to the formation of the angular distribution becomes ever smaller. Equation (3) is transformed into a separate equation for just the intensity with the Rayleigh phase function. Our tables show the gradual approach of the angular distribution to this limiting form (see columns 3-5 of Table 6 ) as the Faraday rotation parameter δ increases.
The contribution of the polarization terms Q and U to the overall polarization of the radiation emerging from the atmosphere is much greater than their influence on the formation of the angular distribution. Thus, the calculated degrees of polarization using known intensities of the radiation are 9.37% instead of 11.71%. This means that the difference 11.71%−9.37% = 2.34% (or 20% of the total polarization) is created by the polarization terms. As can be seen from the Tables, the Faraday rotation substantionally reduces the polarization and, for δ ≫ 1 the contribution of the polarization terms to the degree of polarization itself goes to zero. Here the intensity of radiation, itself, differs somewhat from the case of zero magnetic field and is determined by the scalar transport equation with the Rayleigh phase function (we are comparing the second and third columns of Table 6 ). Thus, at the polarization maximum (µ = 0) we obtain a slightly lower value of 9.14% instead of 9.37%. Our values of p(0) approach precisely this limit as δ → ∞ (see , Tables 1-3) .
The simple asymptotic formulas in [6] for a number of standard problems in radiation transport theory correspond to the approximation in which the radiation intensity is determined by the transport equation with the Rayleigh phase function, while the polarization is treated as the result of single scattering of a known radiation flux and its transformation by the Faraday rotation. They give somewhat overestimated polarization values. A comparison of the calculations using these formulas with the exact solutions obtained here shows that for q = 0, with δ = 10 the asymptotic formulas yield polarization values with an relative error of ≈ 10%. For δ = 5 the error exceeds ≈ 20%.
These simple formulas have the major advantage of providing an analytical description of the polarization for an arbitrary arrangement of the magnetic field in the atmosphere.
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